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Abstract 
The theoretical description of small hydrodynamic perturbations caused by mass, force and thermal sources in some models 
of stratified fluid is given. The focus is on the model of a uniformly stratified heat-conducting viscous fluid. It is shown that 
the small perturbations can be conveniently described by several scalar quasipotentials. One quasipotential is defined by solu-
tion of the inhomogeneous differential equation of diffusion. Other quasipotentials satisfy the same high order differential 
equations with different right-hand sides. The linear differential operator of these equations plays a key role in the theory of 
small perturbations and corresponding Green's function. It is established that Green's function of small perturbations in an in-
compressible stratified heat-conducting viscous fluid vanishes at negative times, i.e. satisfies the causality condition. Analysis 
of the integral Fourier expansion of Green's function in frequencies and wave numbers is performed. It is shown that small 
perturbations are divided into the aperiodically damped perturbations with large wave numbers and the damped internal 
waves with small wave numbers. The simplifications arising in the case of unit Prandtl's number and in the limit of ideal 
stratified fluid are found. 
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1. Introduction 
A theoretical analysis of the behavior of stratified fluid is based on a number of the restrictions and the ap-
proximations. In section 2, we discuss the role of the Boussinesq approximation, the incompressibility condition, 
the approximation of uniform stratification for the two-parametric model of a single-component ideal fluid. The 
description of the internal waves is made on the basis of the study of small perturbations generated by mass and 
force sources. The change of the vertical component of the vorticity perturbations in stratified ideal fluid is de-
termined only by force source. It is shown that the determination of the hydrodynamic characteristics of perturba-
tions requires three scalar quasipotentials in the case of mass and force sources. The use of the mass sources 
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method to estimate the field of internal waves and wave resistance of a horizontally moving spheroid is dis-
cussed. 
In section 3, we analyze the behavior of small perturbations in a more general model of incompressible uni-
formly stratified fluid with viscosity and thermal conductivity. In this case, still, three scalar quasipotentials de-
fine the hydrodynamic characteristics of perturbations created by force and mass sources. However, an additional 
heat source requires the definition of another scalar quasipotential. As a result, one quasipotential satisfies the 
differential equation of second order. This quasipotential is bound only with vortical character of the force 
source. Three other quasipotentials can be found from the solutions of the differential equations of higher order 
with the single operator of small perturbations. 
The generality of the analysis of the different sources for different models of stratified fluid is achieved by 
Green's function, the response function on the action of the universal instantaneous point source. In section 4, we 
discuss the integral representation of Green's function for the operator of small perturbations in a viscous fluid 
with temperature stratification. It is shown that Green's function is represented as the product of the step Heavis-
ide function on the regular D -function. It thus imposes the important causality property of Green's function in 
the model of stratified viscous heat-conducting fluid. Besides the D -function solves the initial value problem for 
the homogeneous equation with the same operator of small perturbations. It is shown that Green's function takes 
the simplier form at unit Prandtl's number and in the limiting case of the ideal fluid. 
2. Model of stratified incompressible ideal fluid 
A two-parametric model of a single-component incompressible stratified ideal fluid is the simplest model fluid 
of layered density. The complete system of equations for such medium consists of the equation of mass conserva-
tion, the momentum balance equation, the equation of material invariance of entropy and two parametric equation 
of state. The significant additional simplification of this model occurs in the case of an incompressible medium. 
The incompressibility condition implies no changes in density with pressure changes. Then the entropy conserva-
tion for the material particles in a two-parameter ideal fluid leads to the density conservation in the particles and 
divergence-free velocity field, respectively. The complete system of equations takes the simpler form 
0, 0, div = 0d dp
dt dt
u g u  
Here, the constant density of the particles in the material replaces the equation of state. 
Let the basic state of the stratified fluid is rest with the vertical coordinate-dependent density distribution 
0( )z  and the corresponding pressure distribution 0( )p z . We assume that the weak flow of a stratified fluid in 
a gravitational field is caused by a small external force source F  and a small mass source m . Then in the 
first approximation of perturbation theory such flow will be described by the linearized partial differential equa-
tions with variable coefficients 0 0( ), ( ) /z d z dz . These equations are reduced to the equations with constant 
coefficients in the case of the exponential dependence of the initial density, i.e. at constant frequency of the buoy-
ancy N  or characteristic length scale  (the case of uniform stratification) 
2 0
0 00 2
ln ( )( ) exp , ,z g d zz N g
N dz
 
To do this, simply follow the replacements of perturbations 1 1 10 0 0, , , ,m mu F u F , 
0 0p p . Gravity selects the vertical direction, and therefore it is convenient to divide vector char-
acteristics ,u F  in the horizontal (with index h ) and vertical (proportional /z ge g ) parts, and then the 
horizontal vector components can be divided into potential and vortex parts (Helmholtz decomposition) 
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[ ] , [ ]z h z h z z h z hw Fu e e F e e  
As a result of some transformations, the equations for small perturbations created by the mass and force 
sources can be written as the following correlations 
( ) ( ) ( )
ˆ ˆ ˆ, , , ,wL Q L w Q L Q p t t
 
Here, the expressions , ,wQ Q Q  are formed by the various linear differential combinations of mass and force 
sources. The linear differential operator of the internal waves in this case of uniform stratification takes the form 
2 2
2 2
( ) 2 2
1ˆ ( )( ) ( ) hL Nz z t t
 
Such operator of small perturbations can occur if the known Boussinesq approximation is not used in the 
model of an ideal incompressible uniformly stratified fluid. 
If the scale of changes in the vertical direction defines the value much smaller than the characteristic scale , 
i.e. we have / 1 /z , then there is an obvious simplification with the loss of index . This corre-
sponds to the Boussinesq approximation. When the buoyancy frequency N  varies from one realistic value  
10-3 1/s to the other value 10-1 1/s, the characteristic length  varies from 104 km to 1 km. Consequently, if the 
scale of the small-scale disturbances is much less than one kilometer, you can use the Boussinesq approximation. 
It is easy to understand that in this approximation the density in the inertial force and the force sources is as-
sumed constant ( 00 const ). This approximation in the case of the uniform stratification corresponds also to 
a linear distribution of the density 0( )z  instead of exponential dependence. 
In the case of Boussinesq approximation the operator of the internal waves takes simplified form 
2
2 2 2
0 2
ˆ
hL Nt
 
All relations for the perturbations are simplified. For example, in the case of the perturbations created by the 
mass source only, the expressions , ,wQ Q Q  take the form 
2 2 3 2
2
00 2 2, , ( )w
NQ m Q m Q N m
g t z t z t
 
We introduce a scalar quasipotential  satisfying the inhomogeneous equation with the internal waves operator 
0Lˆ  and the right side in the form of mass source m  
0Lˆ m  
Then all hydrodynamic characteristics of the perturbations can be expressed in a couple of scalar quasipotentials 
,  
2 2 2 3
2
00 00 2 2, ( ) , ,
N p N w
g t z t t t z
 
2
2
2( ) [ ] , 0h h z hu N et t
 
The last two relations allow us to conclude that the vertical component of the vorticity perturbation 
2
z h  is stationary in uniformly stratified incompressible ideal fluid. 
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Integral energy evolution of the internal waves generation by the bodies can be made of the energy balance 
equation if we known the distribution, that simulate these bodies. Energy balance relationship is quadratic with 
respect to perturbations in virtue of the linearity of equations for them 
3 3
0 ( , ) ( , )d x E d u D d x p t m tt
S x x , 
2 2 2
00 2
00
,
2 2
gE p
N
u S u  
Here, a change in the perturbation energy (sum of the kinetic and potential energy) in a medium volume per unit 
time, together with the energy emitted across the surface closing this volume, is balanced by the integral of the 
energy loss by the mass source her unit time ( D  – the energy loss per unit path). If the sources move at a con-
stant velocity 0u , the perturbation energy in the volume does not change and it is sufficient to find a integral en-
ergy characteristic 0u D . 
The homogeneity of boundless space, in which, by assuming, a body moves, makes convenient to use the Fou-
rier transforms. In the case of the uniformly moving source distribution, we have the following expressions for 
mass sources and their Fourier transform 
0 0( , ) ( ), ( , ) 2 ( ) ( )m t M t m Mx x u k k ku  
For such horizontally moving sources, the energy loss per unit path takes the form of expansion in wave numbers 
and frequencies, containing the squires of the Fourier transform of sources 
0
2 2 4 2
00
2 2 2 2 2
10 00 /
,
8 / i
N
iN u
ND d dk M
u k N u k
  
2 2 2 2 2
1 0
0 0
( , , )kk u N N
u Nu N
k  
Here, the summation symbol implies summation over four wave vector types, three of which differ from written 
one with respect to the sign of one component. 
The theory of homogeneous ideal fluid gives many examples of the distributions of mass sources, equivalent 
to its hydrodynamic action the bodies of various shapes. Few such examples are found in the case of uniformly 
stratified fluids. It is therefore important that for bodies with size much smaller than characteristic length of radi-
ated internal waves, i.e. at high Froude numbers, model source distribution from the theory of homogeneous fluid 
can be used as a first approximation in a stratified fluid. This simulation involves by large numbers of possible 
examples and universality in relation to the types stratification. However, here we can only rely on the accuracy 
of the asymptotic results for large Froude numbers. 
The bodies in the shape of spheroids provide an important example of the elongated bodies. We borrow the 
surface distribution of horizontally moving sources from potential flow theory of homogeneous ideal fluid [1]. 
For a uniformly moving spheroid such distribution of mass sources has the following form 
2 2 2
0 0 0
0 0 02 2 2
4( ) ( )( ) ( ( )), ( ) 1 0
(2 )
x u t u x u t y zM t S t S t
A a a b
x u x u x u  
2
2 3 2 2
0 ( ) ( )
dA ab
a b
 
Substituting the Fourier transform of this mass source in the general formula of the energy loss per unit path, we 
obtain the following expression for the wave drag coefficient of a prolate spheroid ( a b ), using the dimen-
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sionless integration variables 0/ , /N ku N , the Froude number 0 / ( )F u Nb  and the eccentric-
ity e , 
1 2 2
2
3/22 2 4 2 3
00 0 0 1
2 ( ) 1 ( )
1D
D f ec d d J q
u b F q
, 
2 2 2
2 2
2
1 ,
1
e a bq e
F e a
 
Here, the function ( )f e  can be expressed in elementary functions of eccentricity 
2
2
2 3
32 1 1( ) [2 (ln 2 )]
1 1
e ef e e
e e e
 
At high Froude numbers indicated integrals admit a number of asymptotic simplifications. In particular, the 
principal term of the asymptotic for the high velocities the wave drag takes at 2 1/21, / (1 )F F e e  
simple form 
4
ln 7 / 4 0.577( )
72D
Fc f e
F
 
The validity of this asymptotic behavior is confirmed by the numerical calculation of the integral and some ex-
perimental data [2]. 
In the case of force sources 
[ ]z z h z hFF e e  
created by them the perturbations can also be described by a pair of scalar quasipotentials ,  
2 3
2 2
00 00 002, , ,h h
N p w
g t z t
 
2
[ ] ,h h z hu et z t
 
Then the new quasipotential  satisfies the equation with the same operator 0Lˆ  
0
ˆ
zL F z
 
In the case of the force source the vertical component of the vorticity is not fixed 
2z
ht
 
As we see, it is obliged to the vortical nature of the force source. 
3. Model of uniformly stratified incompressible viscous heat-conducting fluid 
At local thermodynamic equilibrium description and the simplifying assumption of constancy of the kinetic 
coefficients the complete system of equations for the two-parametric one-component viscous fluid model can be 
written in the form the equations of mass conservation, momentum balance, entropy balance and two-parametric 
state equation [3] 
div , ( ) div , ,
3
d d dsp T T
dt dt dt
uu g u u  
2( , ), ( , ), ( , )
s
s p p s T T s
s
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In the presence of the disturbing mass and force sources m , F  they are added to the right side of the first 
and second equations. The quadratic dissipative terms in the third equation are omitted. They are small for the 
heat generation of small mass and force sources. 
For an incompressible fluid (incompressibility means no change in density at change of pressure), we find that 
changes in density and entropy are required only to temperature changes 
T
d dT
dt dt
, p
ds dT
dt T dt
 
As a result, in the Boussinesq approximation the relations for small perturbations of uniformly stratified incom-
pressible viscous fluid with temperature stratification can be written as 
2
2 2
00 [( ) ], ( )[( ) ],h h
N w
g t z t t z
 
2[( )( ) ] ( ) ,N
t t t z
 
2
00 00( ) ( )( ) , [ ] ,3 h h h z h
wp u e
t z
 
2[ ]( )h z h z he w ez z
 
The full vector of vorticity perturbations is defined by the last of these formulas. 
Here, small perturbations are represented by relations with three scalar quasipotentials containing operator Lˆ  
ˆ ˆ, ( ), ( ) ,zL m L F z t
 2 2ˆ ( )( ) hL Nt t
 
This operator is the differential expression of higher order with constant coefficients. In the dissipationless limit 
( , 0 ), it reduces to the operator of the internal waves of ideal fluid model 0Lˆ . 
In the model of viscous heat-conducting fluid the heat source may be introduced separately. This source of the 
third type /p TQ q c  is introduced into the right side of the heat equation. There is corresponding quasipo-
tential  
ˆ ,L q  
Now the hydrodynamic characteristics of the perturbations , ,w  can be expressed as follows 
2
2
00( ) [ ( ) ] ,hw g gt t t z z
 
All various quasipotentials conveniently are combined a singular potential for point instantaneous source. It is 
Green's function of the operator Lˆ . Others quasipotentials are found by integral convolution of Green's function 
with appropriate sources of perturbations. 
4. Green's function of the uniformly stratified viscous heat-conducting fluid 
Green's function satisfies the inhomogeneous equation with the source in the form of delta function 
ˆ ( , ) ( ) ( )LG t t t tx x x x  
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It describes the response of a homogeneous stationary medium for instant point impact. Constant coefficients of 
differential operator Lˆ  are suitable for submission to Green's function as the Fourier expansions in frequencies 
and wave vectors 
3
4
1( , )
(2 ) ( , )
i t
i eG t d k e d
L
kxx
k
, 
2 2 4 6 2 2 2( , ) ( ( ))( ( ))hL k i k k N k kk k k  
The dispersion equation ( , ) 0L k  has two frequency roots 
2 2 2 2 2 2( ) ( ), ( ) ( sin ) ( ) , sin
2 2k k h
i k N k k kk k k  
These roots are always in the lower half-plane of the complex frequency. At the same time there is a critical value 
of the wave number 1/2(2 sin / ( ) )c kk N , above which the roots are purely imaginary, and at 
ck k  additional term ( )k  becomes real. Thus, perturbations with large wave numbers are characterized by 
aperiodic damped behavior, except for a small initial growth. Low-frequency perturbations are damped internal 
waves. It should also be noted that the critical value of wave number depends on the angle of the wave vector to 
the vertical. 
The integral of the frequency in the expression for Green's function can be easily calculated from the residues 
at the poles 
( )2 ( )
( )
i t
i ted ie H tk
k
 
After that, the Fourier expansion of the Green's function for wave vectors can be written as 
2
3 2
3 2
1 sin ( )( , ) ( ) ( , ), ( , )
(2 ) ( )
i k te tG t H t D t D t d k e
k
kx kx x x
k
 
Here, ( )H t  – the Heaviside step function. We see that Green's function in a viscous fluid automatically satisfies 
the causality condition, vanishing at negative time. Taking into account the difference in the behavior of the ei-
genfrequencies at low and high wave number D -function can be rewritten in a more explicit form 
2
3 2
3 2
1 sin ( ) sh ( )( , ) { ( ) ( )}
(2 ) ( ) ( )
i k t
c c
e t tD t d k e H k k H k k
k
kx k kx
k k
 
Here, ( ) ( )k k  at ck < k , and ( ) ( ) ( )ik k k  at ck > k . The presentation of D -
function as the sum of two integral terms corresponds to the partition on the aperiodic perturbations and damped 
internal waves. 
The decomposition of Green's function into two factors can be verified as well, taking into account the well-
known formula ( ) / ( )dH t dt t  and the fact that the D -function satisfies the homogeneous equation for the 
operator Lˆ  and the following initial conditions 
0 0
ˆ ( , ) 0, ( , ) 0, ( , ) ( )
t t
LD t D t D t
t
x x x x  
Using these relations, we can see that the solution of the general initial value problem for the operator Lˆ  
1 20 0
ˆ ( , ) 0, ( , ) ( ), ( , ) ( )
t t
L t t f t fx x x x x  
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is represented by this D -function as 
3 3
1 2( , ) [ ( ) ] ( , ) ( ) ( , ) ( )t d x D t f d x D t ft
x x x x x x x  
Important simplification of D -function is associated with the value of the Prandtl number. The cases of pure 
viscous and pure heat-conducting fluid occur at high and low Prandtl's number, respectively. At the same time, 
these simplifications are not significant. The situation is different at unity Prandtl's number. For 1Pr  zone of 
aperiodic perturbations vanishes (then ck ), wave modes and D -function take simplified view 
2( ) sin (Pr 1),ki k Nk  
23
1 3 2
1 sin( sin )( , )
(2 ) sin
i
k t k
k
e NtD t d k e
k N
kx
x  
When we use the spherical coordinates , ,k kk  and , ,r , the integration over the angle k  is satisfied 
2
1 02 0 0
1( , ) ( sin sin )cos( cos cos )sin( sin )
(2 )
k t
k k k kD t dke d J kr kr NtN
x  
In the generate case of ideal fluid from these formulas fall terms with the viscosity. Then you can easily perform 
the integration over the wave numbers 
2 2
0 2 2 20
1 (sin cos )( , ) sin( sin )
(2 ) sin cos
k
k k
k
HD t d Nt
Nr
x  
After the changing the variable of integration 2 2sin 1 sin sink  we can get rid of the discontinuous 
Heviside's function of the integrand 
2 2
0 2 2 20
1 sin( 1 sin sin )( , )
2 1 sin sin
NtD t d
Nr
x , 
0 0 00 0
sin 1( , ) , ( , ) ( )
4 4x y z h
NtD t D t J Nt
N z t
x x
x
 
The two latter results are related to the vertical and horizontal directions. 
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